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Abstract 

We compute semiclassically the two-point correlator of the marginal vertex oper- 
ators describing the rigid circular spinning string state with one large spin and one 
windining number in AdS$ and three large spins and three winding numbers in S* 5 . 
The marginality condition and the conformal invariant expression for the two-point 
correlator obtained by using an appropriate vertex operator are shown to be associ- 
ated with the diagonal and off-diagonal Virasoro constraints respectively. We evaluate 
semiclassically the three-point correlator of two heavy circular string vertex opera- 
tors and one zero-momentum dilaton vertex operator and discuss its relation with the 
derivative of the dimension of the heavy circular string state with respect to the string 
tension. 
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1 Introduction 



From the AdS / CFT correspondence [T] the correlation functions in the M = 4 super Yang- 
Mills theory (SYM) can be calculated both at weak and at strong coupling. Using the 
relation between the generating functionals for the correlation functions and the AdS string 
partition functions, the three-point correlation functions of protected operators have been 
derived at strong coupling in the supergravity approximation [21 13]. 

The AdS/CFT correspondence suggests that each on-shell string state or marginal string 
vertex operator in AdS§ x S 5 string theory should be associated with a local gauge-invariant 
operator in the J\f = 4 SYM theory with definite conformal dimension [I]. There has 
been a prescription for computing a two-point correlation function of vertex operators that 
describe the string states with large spins and are dual to the non-protected states with 
large quantum numbers [5] . The stationary point solution obtained by inserting appropriate 
vertex operators for the two-point function should coincide with the classical string solution 
carrying the same charges. The semiclassical computation of the two-point function by 
demanding the 2d conformal invariance should lead to the same relation between energy and 
spins as constructed for the corresponding classical string solution by requiring the Virasoro 
constraints. 

For the case that the associated string is the folded string with large AdS$ spin [6] this 
connection has been demonstrated in the flat space limit [5], in the global coordinates [7J 
where the dependence of vertex operators on the AdS 5 boundary points is ignored, and in 
the Poincare coordinates [8] where the locations of vertex operators in the four-dimensional 
boundary space are specified and the two-point function shows the scaling behavior of the 
strong-coupling limit of the two-point function of single trace minimal twist operators in 
gauge theory. In ref. [7] the two-point function associated with the string solution with 
large two equal spins J\ = J 2 and two equal winding numbers m 1 = m 2 in S 5 has been 
discussed where the vertex operator includes an additional factor expressed in terms of the 
T-dual variables. 

There have been various semiclassical studies about the calculations of correlators in- 
volving Wilson loops [3 DEI El H21 Ho- 
using appropriate wave functions the two-point correlation function has been computed 
[T4] . where a circular heavy string state with spin S in AdS 5 and equal spin J{= S) in S 5 
[T5| fl6] propagates between two AdS$ boundary points, and has been shown to produce right 
scaling behavior with the scaling dimension which is determined by the saddle point in the 
integraion over the modular parameter. 

This approach has been extended to computation of a three-point correlation function 
which consists of two non-BPS operators dual to heavy string states and one chiral primary 
operator dual to a supergravity field [T7J. The three-point correlator has been derived by 
evaluating semiclassically a Witten diagram with a supergravity field propagating from the 
AdS 5 boundary to the heavy string worldsheet. Specially for one gauge theory Lagrangian 
dual to the massless dilaton field and two non-BPS operators dual to several string config- 
urations such as the circular spinning string with two equal spins S = J in AdS§ x S 5 or 
J\ = J2 in S 5 [15] and the giant magnon in S 5 [18], the three-point correlators have been 
computed and the associated three-point couplings, namely, the OPE coefficients have been 
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shown to agree with the values predicted by renormalization group arguments. 

On the other hand there has been a construction of a three-point correlator [19] for two 
operators dual to the folded spinning string with two spins Ji, J2 in S 5 [20] and one primary 
scalar operator dual to the supergravity massless scalar field that is a mixture of the metric 
with RR four-form [21 EI]- The three-point correlator takes the form of a vertex operator in 
the coordinate representation [H [3] integrated over the classical string worldsheet. 

From the vertex operator prescription [51 [7J [8] various three-point correlators of two heavy 
vertex operators and one light vertex operator have been computed [22J. The heavy vertex 
operator represents the folded spinning string with AdS$ spin S and S 5 spin J [23] or the 
rigid circular string with three spins J\ = J2 and J3 [T5] which includes the small string 
limit, while there are various choices of light vertex operators that represent dilaton, the 
superconformal primary scalar state, the massive state on the leading Regge trajectory and 
a special singlet string state on massive string levels. Further there have been constructions 
of the three-point correlators between several choices of one light vertex operator and the 
two heavy vertex operators representing the circular spinning string with one AdS$ spin, 
three different S 5 spins and the corresponding winding numbers [24J. 

It is desirable to elucidate further the relations between the vertex operators and various 
string solutions in AdS$ x S 5 . We are interested how to construct the vertex operators 
representing the circular spinning string states with winding numbers. Using the vertex 
operator prescription we will compute a two-point correlation function of the vertex operators 
which describe the rigid circular spinning string in AdS§ x S 5 [TB] carrying spin S with 
winding number n in AdS$ as well as spin J with winding number m in 5 5 . The extension 
to the circular spinning string including three pairs of spin and winding number ( rrik), k = 
1,2,3 in S 5 and the AdS§ quantum numbers (S,n) will be performed. We will consider a 
three-point correlation function which consists of two heavy vertex operators describing this 
circular multi-spin (S, Jk) string and one zero-momentum dilaton vertex operator. From the 
three-point correlator the three-point coupling will be constructed explicitly in terms of the 
relevant quantum numbers. 



2 Two-point correlator 

We consider a two-point correlation function of the string vertex operators which are asso- 
ciated with the circular spinning string solution in the Poincare coordinates of AdS^ x S 5 
with spins and winding numbers (S, n) in AdS$ and (J,m) in S 5 . 

The embedding coordinates Ym (M = 0, ■ • • , 5) for the Minkowski signature AdS§ are 
expressed in terms of the global coordinates (t, p, 9, <px, 2 ) as 

y 5 + iY = cosh pe u , Y x + iY 2 = sinh p cos Oe^ 1 , Y 3 + iY A = sinh p sin #e^ 2 , 
Y M Y M = -Y 5 2 + Y m Y m + Y* = -l, Y m Y m = -Y 2 + Y l Y i (1) 

with m = 0, 1,2,3, % = 1,2,3. These coordinates are related with the Poincare coordinates 

(z, x m ), ds 2 = z~ 2 (dz 2 + dx m dx m ) 

Y m = —, Y 4 = ^(-l + z 2 +x m x m ), Y 5 = ^(l + z 2 + x m x m ) (2) 
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with \. For S 5 the embedding coordinates are defined by 

Xi = X x + iX 2 = sin 7 cos tpe^ 1 = r x e i<px , X 2 = X 3 + iX 4 = sin 7 sin ^e^ 2 = r 2 e^ 2 , 

X 3 = X 5 + *X 6 = cos 7 e^ =r 3 e^, £^ = 1- ( 3 ) 



fc=i 



Following the procedure of ref. [5], we rotate the worldsheet time r as well as the global 
AdS time t to the Euclidean ones simultaneously 

T e = IT, t e = it. (4) 

We perform the following conformal transformation to map the Euclidean 2d cylinder (r e , a) 
into the complex plane (£, £) with two punctures at £ = £1 (r e = 00), £ = £2 (T e = —00) 

where £1 and £2 are regarded as the points where two vertex operators are inserted. The 
Euclidean rotation t e = it in leads to the similar rotations for the time-like coordinates 

Y 0e = iY , x 0e = ix . (6) 

In general the integrated marginal vertex operator represents a string state and is described 
in terms of four coordinates of a point on the boundary of the Euclidean Poincare patch of 
AdSs space as 

V(x') = Jd 2 tV(x(0-x',---) 

' d 2 t[z(0 + z-^XMO - x'J 2 }- A U[x m (0 - x' m , z(£), x fc (0], (7) 



where we shift x m = (xo e ,Xi) by a constant vector x' m . The explicit expressions of U are 
specified by the quantum numbers other than the 4d dimension A of the string state in 
AdS 5 x5 5 . 

Let us consider the vertex operator which describes the circular spinning closed string 
state with quantum numbers like spins (S, J) and winding numbers (n, m) 



t = kt, p = po, 9 = 0, 0i = UT — na = <f), (p = wr + ma. (8) 
Its energy-spin relation is given by 

E = J + S + ^(m 2 J + n 2 S) + ---. (9) 
We propose a vertex operator 

V(a) = c f d 2 £[z + z-\(x e - a) 2 + x 2 )}- A (Y 1 + iY 2 ) s {X 1 + iX 2 ) J (10) 
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where the location of the vertex operator in the boundary is chosen by x' m — (a, 0,0,0). The 
expression Y\ + iY 2 is described in terms of Euclidean Poincare coordinates as 

y 1 + i y 2 = a±^ = V. (11) 

z z 

From ([3]) with 7 = 7r/2, if) = and ipi = ip the S 5 part is expressed as X\ + iX 2 = e l{f . The 
proposed vertex operator shows a symmetric expression such that the AdS^ factor (Yi + iY^) 5 
takes the same form as the S 5 factor (X\ + iX^) 3 including no derivatives with respect to 
the worldsheet coordinates. Due to winding numbers the string solution has no short string 
limit, that is, no flat space limit so that the expression ( ITU]) takes a different form from the 
vertex operator in flat space which includes the derivatives. 

We use this vertex operator involving the winding number dependences implicitly through 
the angular coordinates to compute a two-point function 

< V AM m{a)(VA,S,n,J,m{0)y > (12) 

in large spins of order of string tension T = \f\/2ir 3> 1. The Euclidean continuation (jl]) of 
OH]) is given by 

t e = KT e , p = p , 9 = 0, (ft = iuT e + na, <p = iwr e — ma, (13) 

where we change the signs of <ft and (p. The corresponding embedding coordinates ([TJ) are 
expressed as 

Y 5 = cosh p cosh kt 6 , Y 0e = coshp sinh nr e , F 4 = 0, 

Y\ = sinh po cosh(wr e — ina), Y-i = i sinh po sinh(a;r e — ina), Y% = 0, (14) 

which are transformed to the Euclidean Poincare coordinates in the form 

1 

z = , x 0e = tanh kt £ , 

COSh po COSh KT e 

x ± = Xl ± tX2 = re ± ^ = ^^e ± ^-^\ (15) 

COSh KT e 

which satisfy z 2 + x + x^ + x\ e = 1. 

For the large spin limit k ~ u ^> 1 the complex world surface given by ([T5]) approaches 
the boundary z — > at r e — > ±oo with x 0e (±oo) = ±1. By making a dilatation and a 
translation such that x 0e (oo) = a, x 0e (—oo) = at the boundary we have 

" 1 a / i t \ 

x 0e = -(tanhKT e + 1), 



2 cosh po cosh kt g 2 

x ± = x 1 ±ix 2 =re^ = ^^^-e ± ^- ur "\ (16) 

2 cosh KT e 

The end points of the Euclidean world cylinder for the transformed configuration are specified 
by 

r e — > oo : z — y 0, x 0e — > a, r — > 0, x + — > 0, a;_ — )■ atanhp e~ mcr , 

r e -> -oo : z -)■ 0, x 0e ->• 0, r -)■ 0, x+ -> atanhp e mCT , x_ -> 0. (17) 
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When we compute semiclassically the two-point correlator (I12p . the Euclidean action 
accompanied with the vertex contributions is given by 



:(dzdz + dxoedxoe + drdr + r' 



5 2 (C-6)ln 



z 2 _|_ r 2 _|_ ^ Xoe _ a y 



+ d^pdip 



5 2 (£-£ 2 )ln 



z 2 + r 2 + x 



Oe 



5 2 (£-£i)ln— + 5 2 (£-£ 2 )ln — 



1? 



We will show that the transformed complex solution f[T6"j) with <p in f lTS]) becomes the sta- 
tionary trajectory in the presence of the vertex operators as source terms. The equation of 
motion for is obtained by 

~2 \ 







^•2 



+ 8-, 



ittS 

"71 



[n£-£i)-^(£-6)]- 



The inversion of the conformal transformation (jSJ) is given by 



2 6) ' 



C7 



In 



2* (£-&)(£ -6 



which leads to 



(so + aa)r e = 7r[5 2 (e - 6) - 5 2 a - 6)], (as + da)a = o. 



(19) 



(20) 



(21) 



Taking account of (12T|) and ffTB"]) we see that the equation (fT9~|) is satisfied only when S 1 is 
given by 

S = cu sinh 2 poV~\. 



We turn to the equation of motion for x e 



dx 0e ^dx 0e 
O 7T- + O S- 



2ttA 

7x 



^2 _|_ r 2 _|_ _ a ~) 



r^ 2 (e-6) + 



XOe 



z 2 + r 2 + iCQe 



<* 2 (e-6) 



which becomes through (TT6"j) 



VTA 



k cosh 2 p (<9<9 + «9«9)r e = ^[^(e - 6) - <5 2 (£ - ei^- 



Owing to (|2~TT) this equation leads to 

A = k cosh 2 poV'A 
The equation of motion for r is expressed as 



(22) 
(23) 

(24) 
(25) 



Q r Q r r 2 

rd— + rd— - 2— 



2ttA 



z 2 + r 2 + (x 0e — a) 2 



5 2 (e-^) + 



[^(£-a)+n£-6) 



-5 2 (e-6) 



z 2 + r 2 + a; 



Or 



(26) 



Since r e — > ±00 corresponds to £ — > £i >2 it reads 



K[2Kdr e dT e + tanh KT e (dd + dd)r e } — 2(n 2 — u 2 )dr e dr e 
= n(2 K -uj)[5 2 ^-^) + 5 2 ^-^)], 



(27) 



where we use dada = dr e dr e , dadr e + dadr e = 0, fl22|) and fl25|) . In view of the non-singular 
dr e dr e terms in (12T1) we have 

W 2 = + n 2 (28) 

and the remaining singular terms provide 

K [tanh K r e 5 2 (£ - £1) - tanh/€T e 5 2 (£ - &)] = (2k - o;)[5 2 (£ - £1) + 5 2 (£ - &)]■ 
Owing to 



tanh KTel^^ = 1, tanh KT e |^->.g 2 = —1 

the equation (1291) is satisfied to the leading order in the large spin limit k « u ^> 1. 
Combining the equation of motion for 2; and that for r (1261) we have 



(29) 
(30) 



\B(z 2 + r 2 ) l-d(z 2 + r 2 ) 2 
-d— + -d— + - 

2 z 2 2 2 2 z 

which takes the following compact form 



+ ^dXoedXoe = ^= ^ " fl) + ^ ~ 6)], (31) 



k cosh 2 po(dd + dd)r e 



7rA 

7x 



^-6) , * 2 (£-6) 

tanh kt p tanh kt p 



(32) 



Because of f l30|) this equation coincides with the equation of motion for x e ( |24|) . The 
remaining equation of motion for 99 reads 



(dd + 00) y> 



Z7rJ 



[^(e-6)-5 2 (e-6)]- 



It holds if J is given by 



J = w\f\. 



(33) 



(34) 



Now the two-point correlation function can be calculated semiclassically by evaluating 
the string action with the source terms on the stationary string trajectory. It is convenient 
to go back to the Euclidean 2d cylinder (r e , a) coordinates for computing the string action 
in Or 



v/A 



A str = -— I dr e da 

47T Jt £ JO 



2tt 



1 



- (d Te zY + (d Te x 0e Y + (<9 Te r) 2 + r 2 ((«9 Te 0) 2 + (d^) 2 ) 



+ {d T ^) 2 + {dM- 



with 



T"e,±c 



-(lnie-^r-lnle-eil 2 )!^- 



(35) 



(36) 



The substitution of the stationary solution into (13"o"j) yields 

A str = -^[k 2 cos h 2 Po + (n 2 - to 2 ) sinh 2 p + m 2 - U7 2 ](r e>00 - r e -oo)- (37) 
We neglect the one-point function divergence (~ InO) to obtain 

A str = ~^~~{ k2 cos h 2 Po + (n 2 - to 2 ) sinh 2 p + rn 2 ~ w 2 } In |£i - £ 2 | 2 , (38) 
while the source terms in (Tl8|) are also evaluated using the delta-function as 



A sour = 2A In a + (- Ak + Su + Jw) In \^ - & 



|2 



+ (Jm-Sn)lnf — §. (39) 

When two spins S, J obey a symmetric relation 

Sn = Jm, (40) 

which is associated with the symmetric form of the vertex operator (FIU]) . we derive a 2d 
conformal invariant expression for the two-point correlation function 

feC rfe C o Astr A sour 



< V± Mm {a){V± Mm {<S))* >^ J d%d%e- Ast 
lr 1 

~ ^2A J d & d ^ |^ _ £ 2 |VA[-^+sinh 2 po(u; 2 +n2)+™ 2 +m 2 ] " ( 41 ) 

This expression shows the scaling ~ a~ 2A which is characterized by the scaling dimension 
A of the vertex operator and is expected from the 4d conformal invariance of string action 
under the rescaling z — > az,x m — > ax m . From the marginality condition of vertex operator 
the two-point correlator ( I4ip should take a behavior |^ — ^2 1 4 which in the large spin leads 
to 

- sinh 2 p (u 2 + n 2 ) - w 2 - m 2 = 0. (42) 

v A 

Using fT2"2l . fT25|) . f )28|) we eliminate n and po to obtain 

- 2wS - k 2 = J 2 + m 2 (43) 

V A 

with S = S^X, J = Jy/X. 

In ref. [16] the circular two-spin (S, J) string solution with the corresponding winding 
numbers (n, m) was constructed to be specified by the same relations between the relevant 
parameters as fT22|) . fT25|) . fT28|) . fl34|) where the off-diagonal Virasoro constraint gives the same 
relation as (T4"0~|) and the diagonal Virasoro constraint is presented by 



2kS - 2uS -k 2 = 2Vm 2 + v 2 J - v 2 (44) 



S 



with J = \Jm 2 + v 2 . 

The marginality condition (|43j) becomes the same expression as (jUJ) when the parameter 
v is eliminated and the dimension A is identified with the string energy E = E\f\. Therefore 
the dimension A is determined as fl9]). We observe that the stationary trajectory of path 
integral representing the two-point function of vertex operators is provided by conformally 
mapped Euclidean continuation of the circular two-spin (S,J) string solution [IB], whose 
energy-spin relation ([9]) is derived from the Virasoro constraints for the worldsheet conformal 
invariance. Thus the two-point correlation function (14T]) shows the right scaling behavior 
with the dimension A being the corresponding string energy (J9]). 

Now we consider the two-point correlator of the vertex operators representing the rigid 
circular spinning string which has spin S with winding number n in AdS§ and three spins 
J k , k — 1,2,3 with the corresponding winding numbers m k in S 5 . We take the following 
vertex operator 

V(a) = c J d 2 i[z + z-\(x 0e - a) 2 + x 2 )Y^{Y 1 + iY 2 ) s XfX^ X^ 3 . (45) 
The Euclidean action with the source terms from the vertex operators is also expressed as 



A. 
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1 - - - - l 3 

— (dzdz + dx 0e Bx 0e + drdr + r 2 <90<90) + - ^(<9X fc <9X fc + dX k dX k ) 



k=l 



- Sjd 2 i 



5 2 (£-6)hi 



z 2 + r 2 + (x 0e - a) 



+ 5 2 (£-6)ln 



z 2 + r 2 + x 



Oe 



<5 2 (£-£i)hi^ + 5 2 (£-6)hi r 



z 



z 



j^jj d\\5 2 {i - 6) lnr fc e^ + 5 2 {i - 6) \nr k e 
k=i J 



(46) 



This circular spinning string [16] has the following Euclidean continuation 

t e = KT e , p = p , 9 = 0, (f) = iUT e + TUT, 

r k = const, ip k = iw k r e - m k a. 
The equations of motion for (p k are given by 



rl(dd + dd)(f k 



in J\ 



k r r-2 



W{i-ti)-b l {t-t 2 )l k = 1,2, 3, 



which yield 



Jk = w k rlVX. 



(47) 



(4c 



(49) 



The equations of motion for r k , or for ip and 7, have additional contributions to the singular 
part. Here we assume that they are still satisfied by constant r k . The string action evaluated 
on this multi-spin stationary solution is expressed as 



.4 



str 



V^r 2 1,2 1 / 2 > 
-— [k cosh p + [n 



sinh 2 po + J2 r l( m l ~ wl)] ln Ifi - 61 



(50) 



k=l 



9 



where the one-point function divergence is ignored. The source terms are computed by 

3 

A sour = 2Alna + (-A« + Su + 52 JkWk) hi |£i - 6| 2 

fc=i 

+ (52 J k m k ~ Sn) ln-i — ^. (51) 

fe=l 51 _ « 

When there is a relation 

3 

S'n = 52 Jkm k , (52) 
fc=i 

we obtain the following two-point function that is consistent with 2d conformal symmetry 

< VA,S,n,J k ,m k (o)(VA,S,n,J k ,m k (Q))* > 

1 f 2 1 

~ ^J d ^ ld ^ _^|VAh^+smhVo(^+^)+^ fe r2(^ +m 2 )r (53) 

The marginality condition of the vertex operator implies 

Z -^-2uS-^ = 52rl(wl + ml). (54) 
v A k=1 

The circular multi-spin (S 1 , J k ) string solution with winding numbers (n, rrik), k = 1,2,3 
was constructed [16] from the off-diagonal Virasoro constraint that agrees with (1521) and the 
diagonal Virasoro constraint 



2kS - 2uS - k 2 = 2 52 y m l + v 2 Jk ~ v 2 (55) 

k=l 



with J k = rlw k , Wk = yml + v 2 . We use an identity v 2 = J2k r 1 v2 = Sfc r l( w l ~ m \) to see 
that the two relations fl54"|) and fl55|) coincide for A = £ vX These agreements imply that 
the symmetric vertex operator (J45]) is a natural candidate describing the circular spinning 
string with quantum numbers like spins (S, J k ) and winding numbers (n, m^) in AdS^, x S 5 . 



3 Three-point correlator 

Let us consider the three-point correlation function of two heavy vertex operators Vh rep- 
resenting a large spin string state and one light vertex operator Vl representing a massless 
string state [22] 

<V Hl (x 1 )V H2 (x 2 )V L (x 3 )> . (56) 

We choose V^s,n,j kl m k (xi)(yA,s,n,j k ,m k (x2))* as the product of two heavy vertex operators 
Vh 1 (xi)Vh 2 (x2) , where the vertex operators are located on the boundary points x™ = 
(1,0,0,0) and x 2 n = (—1,0,0,0) so that we use the multi-spin (S,Jk) string Euclidean 
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solution (ITS]) with ( T4~T|) in stead of (fTB"j) to evaluate the three-point correlator (|5"B"|) semiclas- 
sically. Fixing the location of ^(23) as = (0, 0, 0, 0) we express the light vertex operator 
in the same form as ([7]) 

V L (0) = J d 2 £(y + )- A ^M£),z(£),X fc (£)] (57) 

with Y + = F 4 + y 5 = z(£) + z~ 1 (£)x^ t (£). The three-point correlator fl56l) is estimated 
semiclassically by integrating over the worldsheet of the heavy string as 



<v Hl ( Xl )v H2 (x 2 )v L (o)> « /^(y?r Ai ^(O,A0,x?(0] 



where the heavy string configuration (fl5|) satisfies 2; 2 +x 2 n = 1 and the superscript represents 
the stationary point solution for the two-point function of two heavy vertex operators. The 
structure coefficient C123 is obtained by 

Cm = < l"ff"^ff) > = CAl I dH(z«f-U[x«(0,z d (i),Xt(a (59) 

< Vh 1 {Xi)Vh 2 {X2) > J 

where c& L depends on the normalization of the light vertex operator. 

As the unintegrated light vertex operator for Vl we choose the massless string vertex 
operator dual to the dilaton field with A L = A 



v idu) = ( Y+ )-*(X 3 ) j V\ (dY M dY M + X - p(dX k dX k + dXkdX^ , (60) 

which represents a highest weight state of 5*0(2,4) x SO(6) and is proportional to the 
string Lagrangian including the string tension a/A/27t. The marginality condition for Vj 
gives A = 4 + j to the leading order in the large a/A expansion. The corresponding dual 
gauge theory operator is tr(F^ n Z^ + • • ■) which becomes the SYM Lagrangian when the KK 
momentum j of the dilaton field is zero. 

Here we devote ourselves to the j = case. The three-point function coefficient C123 is 
given by 



C123 = ° A /^ / dr e [ daz 4 V 
4 j-00 Jo „±r 



{9aXm? t {daZ)2 + I lt(daX k d a X k + d a X k d a X k ) 



(61) 

We substitute the stationary multi-spin (S, J k ) string Euclidean solution (fl5|) with (14T|) into 
(EH) to have 

c a 7A r°° ^ ^ K 2 + Ekr 2 k (m 2 k -w 2 k ) 

^123 = — ; — / dr e / da— -— , (62) 

4 j-00 jo (cosh p cosh KT e p 

whose integration over r e leads to a finite value 

2c A n 1 (k 2 - u 2 )^\ 
3 cosh p 



W23 — — 7, — ___ 1 _4 ~ • \°&) 
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The diagonal Virasoro constraint (I55p together with 



K CO 



can be expressed as 



The equation 



2 i 2 



2n 2 



n- 



Jk 



1 



/, v 2 ■ in'l 



(64) 
(65) 
(66) 



and f )65|) are solved by using the large J7 expansion with J = J2k Jk 

1 



hi 



J + 
1 

l7- 



2J 2 



^m 2 J fc + 2n 2 l S) 



(J £ m£ J" fe + 4n 4 5J + 8n 2 S £ m 2 + 12n 4 <S 2 ) + • 

fc k 

2^? E <fc + ^ [3 ^ E - 4 (E n&fc) 2 ] + 



(67) 



Combining together we have the energy-spin relation in the A/ J 2 expansion with total spin 
J = JV\ 



E = J + S + ^(^m 2 k J k + n 2 S) 

- r^( J £ m£ J k + n 4 SJ + An 2 S £ m\j k + 4n 4 S 2 ) + 
The substitution of the expansion (IBTj) into f l6"B"j) yields 



(68) 



4c A vr 



12.3 



3 cosh p 



4(E m fc J fc + ^ 5 ) 



^(J^mUk + n 4 SJ + An 2 S £ m\j k + 4n 4 S 2 ) + 
ZJ k k 



(69) 



The factor cosh p = 1 + S/ \/ k 2 + n 2 is expressed in the A/ J 2 expansion by using f[67"|) as 



t.2 1 S 1 A 
cosh Po = l + 7 -^ 



*S + j(£mlJ k + 2n 2 S) \ + 



(70) 



Making the A-derivative of the heavy state dimension A, that is, the string energy E (|68 
under the fixed quantum numbers like S, n, J k , m k we have 



dA 
d7^ 



I 2 



2.P 



12 m lJk + n 2 S) 

k 

; J^m 4 J fc + n A SJ + 4n 2 Sj2 m l -h + 4n 4 S 2 ) + 



(71) 
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We observe that the resulting expression (ITTj) is contained in the three-point coupling C123 

If we use the string Lagrangian instead of the zero-momentum dilaton vertex operator 
which includes a z 4 factor, the three-point coupling C123 has no 1/ cosh po factor but the 
integration over r e needs some IR cutoff. Here in the expression f[6"2l the IR divergence is 
regularized by the z 4 factor and we show that the three-point coupling C123 includes a/At^ A 
by using the large J expansion. This kind of proportionality was presented by using the 
vertex operator procedure, where the light state is described by the zero-momentum dilaton 
vertex operator and the associated heavy state is given by the circular string solution with 
two equal spins J\ = J 2 [22J or further two different spins J\ 7^ J 2 [24J . The relations between 
the derivative of the heavy state dimensions over the 't Hooft coupling A and the three-point 
couplings for the gauge theory Lagrangian and two non-BPS operators dual to heavy string 
states were studied at strong coupling [17J by using the wave function procedure of ref. [H] 
and the equality between the gauge theory generating functional for the correlators and the 
string partition function, where the associated heavy states are provided by the circular 
string solution with two equal spins 5* = J or J x = J 2 , and the giant magnon in S 5 . 

Let us make the -y/A-derivative of the following expression obtained from 



A = m/A + * (72) 
V k + n z 



keeping the quantum numbers S and n fixed to have 



OA 8k r- f n 2 S \ 



d^X d^X \ VX(k 2 + u 2 ) 3 / 2 

where k is regarded as a function of A. The equation (|6"5]) is rewritten by 



9 9 2n 2 „ ^ / v 2 + ml , , 

k 2 + v 2 = S + 2 J2 \ ^Jk, 74 

whose derivative over vA under the fixed quantum numbers yields 

n 2 S \ dp I 1 ^ J, 




+ v lT7f 1 --7fE 



^X( K 2 + n 2 )3 /2j d ^x\ y/\^ 



,2 



- 7 E ^ 2 + mlJ k , (75) 



AV K 2 + n 2 A 



k 



where du/dy/X can be computed from (I6"6"j) but its coefficient factor already vanishes. Com- 
bining (175]) with ( 1731 we have 



Vx dA 



dVX k 
for which we use (1741) again to derive 



(76) 



= ' (77) 
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Thus without resort to the 1/J expansion we show exactly that v^A^^A is contained in 
the relevant three-point coupling fl63|) . 

4 Conclusion 

Based on the vertex operator prescription [3 |8] we have constructed the two-point cor- 
relation function of the vertex operators representing the circular spinning string solution 
[16] with spins (S, J) or (S, Jk), k — 1, 2, 3 as well as winding numbers (n, m) or (n, nik) in 
AdSs x S 5 . We have chosen an appropriate corresponding vertex operator and shown that 
the analytically continued version of this multi-spin string solution mapped onto complex 
plane is the same as the stationary point solution for the two-point function by demonstrat- 
ing that it indeed solves the relevant equations of motion on the complex plane with the 
delta-function sources at two insertion points of vertex operators. 

We have observed that the marginality condition of the vertex operator for the 2d scaling 
behavior of the semiclassically evaluated two-point function yields the same relation among 
energy (dimension), spins and winding numbers as is obtained from the diagonal Virasoro 
constraint, while the requirement for the two-point function to have the 2d conformal in- 
variant expression gives the same relation between the spin winding-number pairs (S, n) 
and (Jfc,mfc) as follows from the off-diagonal Virasoro constraint. These two coincidences 
confirm the validity of the proposed symmetric vertex operator with no derivatives over the 
worldsheet coordinates. 

We have computed the three-point coupling from evaluating the three-point correlation 
function of two heavy string vertex operators representing the circular multi-spin (S, Jk) 
string with winding numbers (n, mj.) and one zero-momentum dilaton vertex operator by 
using the stationary string surface saturating the two-point correlation function of two heavy 
string vertex operators. By using the 1/J~ expansion we have demonstrated that the three- 
point coupling contains a factor representing the derivative of the dimension of the heavy 
string state with respect to the string tension . We have further confirmed this relation 
exactly by manipulating various relations between the relevant parameters and the quantum 
numbers of the rigid circular multi-spin string solution. 
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